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, Abstract: Over some types of trees with a given number of vertices, which trees minimize or maximize the 
total number of subtrees or leaf containing subtrees are studied. Here are some of the main results: (1) Sharp 
upper bound on the total number of subtrees (resp. leaf containing subtrees) among n-vertex trees with a given 
matching number is determined; as a consequence, the n-vertex tree with domination number 7 maximizing the 
total number of subtrees (resp. leaf containing subtrees) is characterized. (2) Sharp lower bound on the total 
number of leaf containing subtrees among n-vertex trees with maximum degree at least A is determined; as a 
consequence the n-vertex tree with maximum degree at least A having a perfect matching minimizing the total 
number of subtrees (resp. leaf containing subtrees) is characterized. (3) Sharp upper (resp. lower) bound on 
the total number of leaf containing subtrees among the set of all n-vertex trees with k leaves (resp. the set of 
all n-vertex trees of diameter d) is determined. 
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• 1. Introduction 

We consider only simple connected graphs (i.e. finite, undirected graphs without loops or multiple edges). Let 
G = (Vg, Eq) be a graph with u, v G Vg, dc(u) (or d(u) for short) denotes the degree of u; the distance da(u, v) 
is defined as the length of the shortest path between u and v in G; Dq(v) (or D(v) for short) denotes the sum 
of all distances from v. The eccentricity e(v) of a vertex v is the maximum distance from v to any other vertex. 
Vertices of minimum eccentricity form the center (see pQ). A tree T has exactly one or two adjacent center 
vertices. In what follows, if a tree has a bicenter, then our considerations apply to any of its center vertices. 
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£ I A subset S of Vg is called a dominating set of G if for every vertex v eV G \S, there exists a vertex u G S 

such that v is adjacent to u. A vertex in the dominating set is called a dominating vertex. For a dominating 
set 5* of graph G with v G S and u G Vq \ S, if vu G Eg, then u is said to be dominated by v. The domination 
number of graph G, denoted by 7(G), is defined as the minimum cardinality of dominating sets of G. For 
a connected graph G of order n, Ore [9] obtained that 7(G) ^ ^. And the equality case was characterized 
independently in |3] 120] . Given a graph G, the matching number of G is the cardinality of one of its maximum 
matchings. 

Throughout the text we denote by P n , Ki jTl —i the path and star on n vertices, respectively. G — v, G — uv 
denote the graph obtained from G by deleting vertex v G Vg, or edge uv G Eg, respectively (this notation is 
naturally extended if more than one vertex or edge is deleted). Similarly, G + uv is obtained from G by adding 
edge uv Eg- For v G Vg, let Ng(v) (or N(v) for short) denote the set of all the adjacent vertices of v in 
G. The diameter diam(G) of graph G is the maximum eccentricity of any vertex in G. We refer to vertices of 
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degree 1 of a tree T as leaves (or pendants), and the edges incident to leaves are called pendant edges. The 
unique path connecting two vertices v,u in T will be denoted by Pt(v,u). 
Let 

W(T) = \Y. D ^ v ) 

v£V T 

denote the Wiener index of T, which is the sum of distances of all unordered pairs of vertices. This topological 
index was introduced by Wiener [19] . which has been one of the most widely used descriptors in quantitative 
structure-activity relationships. Since the majority of the chemical applications of the Wiener index deals with 
chemical compounds with acyclic molecular graphs, the Wiener index of trees has been extensively studied over 
the past years; see [H |4] [5] [6] [10] and the references there for details. 

Given a tree T, a subtree of T is just a connected induced subgraph of T. The number of subtrees as well 
the related subjects has been studied. Let T denote an n- vertex tree each of whose non-pendant vertices has 
degree at least three, Andrew and Wang [IB] showed that the average number of vertices in the subtrees of T 
is at least ^ and strictly less than 2p . Szekely and Wang [T2] characterized the binary tree with n leaves that 
has the greatest number of subtrees. Kirk and Wang [7] identified the tree, given a size and maximum vertex 
degree, which has the greatest number of subtrees. Szekely and Wang [15j gave a formula for the maximal 
number of subtrees a binary tree can possess over a given number of vertices. They also showed that caterpillar 
trees (trees containing a path such that each vertex not belonging to the path is adjacent to a vertex on the 
path) have the smallest number of subtrees among binary trees. Yan and Ye [22] characterized the tree with 
the diameter at least d, which has the maximum number of subtrees, and they characterized the tree with the 
maximum degree at least A, which has the minimum number of subtrees. Consider the collection of rooted 
labeled trees with n vertices, Song [IT] derived a closed formula for the number of these trees in which the child 
of the root with the smallest label has a total of p descendants. He also derived a recurrence relation for the 
number of these trees with the property that for each non-terminal vertex v, the child of v with the smallest 
label has no descendants. The authors [5] here determined the maximum (resp. minimum) value of the total 
number of subtrees of trees among the set of all n- vertex trees with given number of leaves and characterize the 
extremal graphs. As well we determined the maximum (resp. minimum) value of the total number of subtrees 
of trees with a given bipartition, the corresponding extremal graphs are characterized. For some related results 
on the enumeration of subtrees of trees, the reader is referred to Szekely and Wang [13], [14] and Wang [18] . 

ft is well known that the Wiener index is maximized by the path and minimized by the star among general 
trees with the same number of vertices. It is interesting that the Wiener index and the total number of subtrees 
of a tree share exactly the same extremal structure (i.e. the tree that maximizes/minimizes the corresponding 
index) among trees with a given number of vertices and maximum degree, although the values of the indices are 
in no general functional correspondence. On the other hand, an acyclic molecule can be expressed by a tree in 
quantum chemistry (see [1]). Obviously, the number of subtrees of a tree can be regarded as a topological index. 
Hence, Yan and Ye [22] pointed out that to explore the role of the total number of subtrees in quantum chemistry 
is an interesting topic. As a continuance of those works in [7] El HH [HI HH [22] which studied the correlations 
between the Wiener index and the number of subtrees of trees, in this paper we continue to characterize the 
extremal tree among some types of trees which minimizes or maximizes the total number of subtrees. Through 
a similar approach, we also identify the extremal trees that maximize (minimize) the number of leaf containing 
subtrees. 
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2. Preliminaries 



Given a tree T on n vertices. Let ,5^{T) denote the set of subtrees of T. For two fixed vertices u,v in Vr, 
denote by y(T;u) (resp. y(T;u,v)) the set of all subtrees of T, each of which contains u (resp. u and v). 
Let J?*(T) denote the set of all subtrees of T each of which contains at least one leaf in T. Given a vertex 
w in Vt, denote by y*(T; w) the set of all subtrees of T each of which contains w and at least one leaf of T 
different from w. For convenience, we call the subtree that contains at least one leaf ofT leaf containing subtree. 
Set F(T) = \.y(T)\J T (v) = \S'(T;v)\,f T (v i *v j ) = \^(T; Vi , Vj )\,F*(T) = \,y*(T)\, f*(v) = \y*(T;v)\, Let 
PV(T) be the set of leaves of T; it is routine to check the following fact. 

Fact 1. Given a tree T, then H(T) := T - PV(T) is a tree and F*(T) = F(T) - F(H). 

Lemma 2.1 ([15]). Among trees on n 3 vertices, the path P n minimizes F* with F*(P n ) = 2n — 1; while the 
star K\ n -\ maximizes F* with F* (Ki^ n ^i) = 2 n ~ 1 + n — 2. 
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Figure 1: Path P\\r(x,y) connecting vertices x and y. 



Consider the tree W in Fig. 1 with x, y € PV(W), and 

Pw(x, y) = xxi... x n zy n . . . yiy{xxi . . . x n y n . . . yiy) 

if d\y(x, y) is even (odd) for any n ^ 0. After the deletion of all the edges of Pw( x , y) from W, some connected 
components will remain. Let Xi denote the component that contains Xi, let Yi denote the component that 
contains yi, for i = 1,2, . . . ,n, and let Z denote the component that contains z. (Note that z and Z exist if and 
only if dw{x, y) is even.) 

Lemma 2.2 (18 ). In the above situation, if fxi(xi) ^ fYi(Vi) an d fx ( x i) ^ fy XVi) f or * = •"•> ■ • ■ > n ' then 

fw(x) > f w (y) (2.1) 

and 

fw(x) > fw(y)- (2-2) 

Furthermore, if a strict inequality fxi(xi) ^ /^(j/i) holds for any i,i G {l,2...,n}, then we have the strict 
inequalities in \2. 1\) and A2.2\) . 

Lemma 2.3. Let T' be a graph obtained from a tree T by deleting one leaf. Then F(T') < F(T) and F*(T') < 
F*(T). Furthermore, we have /t'(^) < /t(w) and fx'( v ) *S fr( v ) f or an y vertex v in Vt> , with equality if and 
only if T is a path and v is the other leaf of T. 

Proof. It is straightforward to check that this result is true. We omit the procedure here. □ 
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If we have a tree T with x and y in Vt, and a rooted tree X that is not a single vertex, then we can build 
two new trees, first T", by identifying the root of X,u with x, second T", by identifying the root of X, u with 
y (as depicted in Fig. 2). 




Lemma 2.4. In t/ie above situation, if /t(%) > friy), then we have F{T') > F(T"). Further more, if x is not a 
leaf ofT and f}( x ) ^ /r(j/)> we have F*(T') > F*{T"). And if both x and y are leaves ofT and f}(x) frill)) 
we also have F*(T') F*(T"), with equality if and only if both x and y are leaves ofT, f}(x) = fj^iv) an d X 
is a path with dx (u) = 1 . 

Proof. Note that 

F(T') = f T ,(x) + F(T' -x) = f T ,(x) + F(T - x) + F(X - u) 

= f T {x)fx(u) + (F(T) - f T (x)) + (F(X) - f x (u)), 
F(T") = f T „(y) + F(T" -y) = f T „(y) + F(T - y) + F(X - u) 

= My)fx(u) + (F(T) - f T (y)) + (F(X) - f x (u)). 

Hence, 

F(T') - F(T") = (f T (x) - f T (y))(fx{u) 1) > 0, 

i.e., F(T') > F(T"). 

We partition the set y*(T') of leaf containing subtrees of T 1 as follows: 

y*(T') = y*(T') U J^ 2 *(T') U J^ 3 *(T'), 

where 

• y*(T') = {f: f is a subtree of T' with x E V f and V T < n (PV(T) \ {x}) ^ 0. }. 

• y^T') = {T ■ T is a subtree of T' with x e V f , V T > n (PV(T) \ {x}) = 0, V T > D (PF(X) \ {u}) ^ 0}. 

• ^ 3 *(T') = {T : f is a subtree of T with x £ V f , V T > n PV(T') ^ }. 
Then we have 

K*(T')| = fx(u)fHx), \y 2 *(T')\ = f x (u)(f T (x) - r T {x)) 

and 

( F*(T)-f T (x) + F*(X-u), xePV(T), 
\y»(T')\ = F*(T - x) + F*(X - u) = I 

\F*(T)~f*(x)+F*(X-u), x?PV(T), 
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Hence, 

( F*(T)-f T (x)+F*(X-u), xePV(T), 

F*(T')= fx (u)ti( X ) + r x (u)(Mx)-mx)) + \ f * ( ^ P *(Y , dPV(T , ^ 

[F (T) — f T (x) +F (X -u), x <£ PV(T), 

Similarly, 

( F*(T)-f T (y)+F*(X-u), yePV(T), 

F*(T") = f x (u)ft(y) + rx(u)(My)-my)) + { „ x , ^ „ , y (2.4) 

[F*(T)-ft(y)+F*(X-u), y^PV(T), 
First consider that neither x nor y is a leaf of T, then (2.3) and (2.4) give 
F*(T') - F*(T") = (#(z) - f}(y))fx(u) + t x (u)(f T (x) - f* T {x) - f T (y) + fi(y)) - f* T {x) + f* T {y) 
= (frix) - my))(fx(u) - f x (u) - 1) + f x (u)(f T (x) - My)) > 0. 
Next consider y is a leaf while x is not a leaf of T, then in view of (2.3) and (2.4) we have 

f* co - f(T") = (fr( X ) - r T { y ))fx{u) + r x (u)(Mx) - r T {x) - / T ( y ) + my)) - mx) + My) 

> (fr(x) - fr(y))fx(u) + r x (u)(Mx) - fi{x) - My) + my)) - fr(x) + my) 
= Ut{x) - my))(fx(u) - f* x (u) - 1) + r x (u)(Mx) - My)) > o. 

Now consider that both x and y are leaves of T, then (2.3) and (2.4) give 

f* CO - f*(t") = (fr(x) - fr(y))fx(u) + ft(u)(f T (x) - ft(x) - My) + fUv)) - Mx) + My) 

= (mx) my))(fx(u) - r x (u)) + (r x ( U ) - ixm*) - My)) 

>0. (2.5) 

Note that fx{u) > fx( u ) an d It(x) > fr{y), hence the equality holds in (I2.5P if and only if f^(x) — f}(y) 
and j* x (u) = 1. Thus, F*(T') = F*(T") if and only if both x and y are leaves of T, f*(x) = fe(y) and 
f x (u) — 1 with X is a path and it is a pendant vertex of X. □ 

Lemma 2.5. Given an n-vertex path P n — v\V2 ■ ■ ■ V n , one has 

(i) (0) fp n ( v k) = fp n {v n -k+i) = k{n - k + l),fc G {l,2,...,n} and /p„(<ui) < /p„(« 2 ) < ••• < /p n («i) < 
fp n (v i+ i) <■•■< /p„(w L i+ij) = /p„(«p±i-|). 

(ii) /p>i) = /p„M = 1, /£> fc ) = n for ke{2,...,n- 1}. 

Proof, (ii) follows directly by the the definition of / T (w). □ 

By Lemmas 12.41 and 12. 5[ the following lemma follows immediately. 

Lemma 2.6. Given a tree T with at least two vertices and a path = v\v 2 ■ ■ - Vk, let Ti be a tree obtained 
from T and P^ by identifying one vertex of T with Uj of Pf.. Then F{Ti) = F{T^._^x), F*(Tj) = _F*(Tfc_ i+1 ), 
F(Ti) < F(T 2 ) < ■■< F(Ti) < ■■■< F(T L ^j), andF*{Tx) <F*(T 2 ) <■■■ < F*(T t ) < ■■■< F*(T L ^ij). 

Lemma 2.7. Given a tree T with uv G Et and dr(u) — 1, one has 

(i) (0) fr(u) ^ /t(i') wii/i equality if and only if T = i^2- 

(ii) fx(u) ^ wii/i equality if and only ifT = 

Proof. If T = if2, it's routine to check that /j>(it) = /r(u) = 1. In what follows, we consider that T ^ i^2- Note 
that -uw is a pendant edge, the map / : 5"*(T, u) —> y*(T — u, w) that sends each T to T — u is a bijection. On 
the other hand, by Lemma [231 we have \S^*{T - u,v)\ < \S?*(T,v)\, i.e., f^_ u (v) < f^(v), hence our results 
follows immediately. □ 
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3. Three transformations on trees 

In this section, we introduce three transformations on trees, which will be used to prove our main results. 

Definition 1. Let T' (resp. T" ) be a tree with u s Vt< (resp. v £ Vt" ), where \Vt"\ = r + 1 2. Let Ti be 
a tree obtained from T" and T" by identifying vertices u with v; see Fig 3. In particular, if T" = P r +\ with v 
being an endvertex, we may denote the resultant graph by T2; see Fig 3. We say that T 2 is an A-transformation 
ofTi on T" . 




Figure 3: Trees T 1 and T 2 . 



Lemma 3.1. Let T\ and T2 be the trees defined as above. Then 

(i) (|22j) F(T\) ^ P(p2) with equality if and only if T" = P r +i with dT"{v) = 1. 

(ii) F*{Ti) ^ P*(T 2 ) with equality if and only ifT" = P r +i with dT"(v) = 1. 

Proof. In view of the proof of Lemma [2~4l let T" be X and T" (resp. P r +i) be T in Lemma [2~4l Then we have 

F*(T 2 ) =fT>{u)f* Pr+1 (v) - r T ,{u){f Pr+1 {v) - f* Pr+1 (v)) + F*(P r+1 ) - f Pr+1 (v) + F*(T> - u) 

=(/t'(«) - /£(«)) + (#,(«) - l)(r + 1) + F*(P r+1 ) + F*(T' - u), (3.1) 

F*(T") - f T „(v) + F*(T' -u) ve PV{T"), 



F*(T X ) =fr>{u)ft,,{v) + r T ,{u)(fT"(v) - /£,,(«)) + 



F* (T") - f*„ (v) + F* (T' - it) w £ PV(T") 

F*(T") - f T »(v) + F*(T' -u) ve PV{T"), 

F* {T") - f P » («) + P* (T' - u) « £ PV(T") 

>(/t'(«) - /M«))/t"(«) + (/f («) ~ l)/r«(«) + F*(T") + P*(T' - u ) (3.2) 

- + (/M«) - l)f T »(v) + F*(T") + F*(T'-u) (3.3) 

>(/r'(«) - #,(«)) + (#,(«) - l)(r + 1) + P*(P+i) + P*(T' - u) (3.4) 
=P*(T 2 ). 



Equality holds in (|3.2|) if and only if v is a leaf of T". Note that /r'(u) > /t'( m )> hence equality holds in (13. 3[) 
if and only if f^i,{v) — 1, i.e., v is a leaf of a path; Equality holds in (|3.4j) if and only if T" = P r +i and w is a 
leaf. The last equality follows by ([33]) . Hence, P*(T X ) = P*(T 2 ) if and only if T" = P r+1 and v is one of its 
endvertices, as desired. □ 

Definition 2. Let T\ be the graph as depicted in Fig. 4, where T' (resp. T" ) is a tree with at least two vertices. 
Let T 2 be a tree obtained from T\ by deleting the edge uv and identifying its endvertices. Let T 2 be the tree 
obtained from T 2 by attaching an pendant edge to u; see Fig. 4- We call the procedure constructing T 2 from T\ 
the B -transformation of ' T\. 
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Figure 4: Trees T X ,T 2 and T 2 . 
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Figure 5: C-transformation on v. 



By Lemmas 12.41 and 12. 71 the following lemma follows immediately. 
Lemma 3.2. Let T\ and T 2 be the trees defined as above, we have F(T±) < F(T 2 ) and F*{T\) < F*{T 2 ). 

Definition 3. Let T be an arbitrary tree, rooted at a center vertex u and let v be a vertex with degree m + 1. 
Suppose that wv 6 Et and Pr{u,w) C Pt(u,v) (we call w the parent of v in T) and that T\,T 2 , . . . ,T m are 
subtrees under v with root vertices v\,v 2 ,.. .v m , such that the tree T m is actually a path. We form a tree Tq 
by removing the edges vv±, vv 2 , . . . vv m —i from T and adding new edges wv±, wv 2 , . . . wv m -\; see Fig. 5. If v 
is not a center vertex, we say that Tq is a C-transformation of T . And if w and v are both center of T with 
> 2, we say that To is a C -transformation of T . 

This transformation preserves the number of pendant vertices in a tree T, and does not increase its diameter. 

Lemma 3.3. Let T and Tq be the trees defined as above, we have F(T) < F(Tq) and F*{T) < F*(Tq). 

Proof. Let W be the component that contains v in T — {vvi,vv 2 , . . . , vv m —i} and X be the component that 
contains v in T — {w, v m }. Now we consider fw(w), fw{v), fw( w ) an d fw( v )- ^ ^ s routine to check that 

fw{w) = fw~v{w) + fw(w* v),f w (v) = f W -w(v) + f w (w*v). 

Hence, 

fw{w) - f w (v) = fw-v{w) - fw-w(v) = fw-v(w) - \ V Tm \ - 1. 

If v is not a center of T and its parent is w, then there is a proper subtree of the component that contains 
w in W — v, say T', with T 1 = P\v Tm \+i- Hence, we have fw-v(w) > /t-(w) > \Vr m \ + 1, i.e., fw{w) > fw(v). 
By Lemma El we have F(T ) > F(T). 

Note that neither w nor v is a leaf of W, hence by a similar discussion as above we also have 

fw( w ) ~ fw( v ) = fw-vi w ) ~ fw-w( v ) = fw~v( w ) ~l>0, 
i.e., f%r(w) ^ fw( v )- % Lemma[Hwe have F*{T ) > F*{T). If w = u is the center of T with d T {w) > 2, then 



we can also have a proper subtrees of the component that contains w in W — v say T" with T" = Pi 



By 



a similar discussion as above, we can also have F(T ) > F(T), F*(T ) > F*(T). This completes the proof. □ 
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4. Enumeration of subtrees of some types of trees 

In this section, we determine sharp upper (or lower) bound on the total number of subtrees (or leaf containing 
subtrees) of some type of trees. 

The matching number of a graph G is the maximum size of an independent (pair-wise nonincident) set of 
edges of G and will be denoted by q(G). Let be the set of all n- vertex trees with matching number q. 

Let A{n, q) be the tree that is obtained by attaching q — 1 pendant edges to q — 1 pendant vertices of the star 
Ki,n-q- Lt is routine to check that A(n, q) £ ^tf n ,q- Given a vertex w in G, call w a perfectly matched vertex if 
it is matched in any maximum matching of G. 

Theorem 4.1. Among precisely the graph A(n, q), which has 2 n ~ 2q+1 -3 9 +n+g l — 2 subtrees, maximizes 

the total number of subtrees and has 2 n ~ 2q+1 ■ 3 g_1 — 2 q ~ 1 + n — 1 leaf containing subtrees, maximizes the total 
number of leaf containing subtrees. 

Proof. Choose T in ^ n ^ q such that its total number of subtrees (resp. leaf containing subtrees) is as large as 
possible. If T contains a pendant path of length p > 2, say V1V2V3 . . . v p v with v\ G PV(T) and dr{v) 3, then 
fT-vz-vAvs) < f T -v 2 -v x {vi), fr-v^-vxM < fT-v 2 - Vl M h Y Lemma 2.7. Let 

T Q = T - v 2 v 3 + v 2 v. 

It is routine to check that T is in Jt n , q . By Lemma [2^41 we get F(T) < F(Tq), F*(T) < F*(T ), a contradiction. 
Hence, any pendant path contained in T is of length at most 2. 

If there exists a non-center vertex v €E Vt such that T contains r pendant edges and s pendant paths of 
length 2 attached to v, then assume that w is the parent of v. Consider the following possible cases. 

• s = and w is perfectly matched. Apply C-transformation at v once, and get r — 1 pendant edges and one 
pendant path P3 attached at w in the resultant graph, say T. It is routine to check that T is in ^#„ j9 . By 
Lemma EH we get F{T) < F(f),F*(T) < F*(f), a contradiction. 

• s = and w is not perfectly matched. Applying ^-transformation at the edge wv, we get r + 1 pendant 
edges at w in the resultant graph, say T. It is routine to check that T is in ^£ n ,q- By Lemma 13.21 we get 
F(T) < F(f),F*(T) < F*(f), a contradiction. 

• r = 0. Applying C-transformation at v, we get s — 1 pendant paths Pa's and one pendant path P4 attached 
at w in the resultant graph, say T. It is routine to check that T is in ^ n , q . By Lemma 13.31 we get F(T) < 
F(f),F*(T) < F*(f), a contradiction. 

• r > 0, s > and w is perfectly matched. Applying C-transformation at v, we get r — 1 pendant edges and 
s + 1 pendant paths Ps's attached at w in the resultant graph, say T. It is routine to check that T is in «4V Thq . 
By LemmaPwe get P(T) < F(f),F*(T) < F*(f), a contradiction. 

• r > 0, s > and w is not perfectly matched. Applying P-transformation at the edge wv, we get r + 1 pendant 
edges and s pendant paths Pa's attached at w in the resultant graph, say T. It is routine to check that T is in 
^ n , q . By Lemma we get F(T) < F(f),F*(T) < P*(f), a contradiction. 

Hence, all the pendant paths of length at most 2 are attached only to the centers of T. In order to characterize 
the structure of T, it suffices to show that T contains just one center whose degree is larger than 2. Otherwise, 
assume that T contains two centers, say c\,ci, with dr(ci) > 2 and dr^) > 2. ApplyC'-transformation on c\ 
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in T to get a new tree, say T". It's routine to check that T" is in ^ n ,q- By Lemma 3.3, we get F(T') > F(T) 
and F*(T') > F(T), a contradiction. 

Therefore, we get that T = A(n, q) with the center c. Note that in A(n, q) there exist n — 2q + 1 pendant 
edges and q — 1 pendant paths of length 2 attached to c, hence 

f A (n, q )(c) = 2»- a « +1 • 3"" 1 , 
F(A(n,g)-c) = F((n - 2q + 1)P X U (q - l)P 2 ) = n - 2q + 1 + 3(? - 1) = n + q - 2, 



and 



This gives 



and 



F*(A(n, q)) = F(A(n, q)) - F(A(n, q) - PV(A(n, q))) = F(A(n, q)) - F(K hq _ x ). 



F(A(n, q)) = f A(n , q) (c) + F(A(n, q) - c) = 2 n ^ +1 ■ 3*" 1 + n + q - 2 



F*(A(n, q)) = 2 n - 2q+1 ■ 3 9 " 1 + n + q - 2 - (2 9 " 1 + q - 1) = 2 n ~ 2q+1 ■ 3 9 " 1 - 2"" 1 + n - 1, 
as desired. 

Let ,5^(71,7) be the set of n-vertex trees with domination number 7. 



□ 



Theorem 4.2. Among ^(71,7), </ie <ree 7) maximizes the total number of subtrees (resp. leaf containing 
subtrees). 

Proof. It is known from |21j that 7(G) ^ q(G), where q{G) is the matching number of G. In order to complete 
the proof, it suffices to show the following claim. 

Claim 1. //To G ^(71,7) maximizes the total number of subtrees (resp. leaf containing subtrees), then we have 
l{To) = q(To). 

Proof. It suffices to show that j(Tq) ^ ?(To). Otherwise, by the definition of the set =^(71,7), we have q(To) > 
7 (To) = 7. Assume that S = v 2 , • ■ • , Wy} is a dominating set with cardinality 7. Then there exist 7 
independent edges viv'i, V2v' 2 , . . . , ?j 7 v' in To. Note that g(To) > 7 (To) = 7, there must exist another edge, say 
Wiw 2 , which is independent of each of edges Viv' i: i = 1, 2, . . . , 7. 



Wl w 2 



"2* 



m 



Jil 



Figure 6: The structures of Tq and Tq in Claim Q] 



If the two vertices w\,w 2 is dominated by the same vertex S 5, then a triangle C3 = w\w 2 Vi occurs. This 
is impossible because of the fact that To is a tree. Therefore W\,w 2 are dominated by two different vertices 
from S. Without loss of generality, assume that Wi is dominated by the vertex Uj for i = 1, 2 (see Fig. 6). Now 
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we construct a new tree Tg G ^7(n,j) by ^-transformation of T on the edges viwi and V2W2, respectively. By 
LemmaliHl we have F(T ) < F(TQ, F*{T Q ) < F *(T( j ), a contradiction. This completes the proof of Claim 1. □ 

Theorem 4.2 follows immediately from Theorem 4.1 and Claim 1. □ 

Let H o K\ be the graph obtained by attaching a leaf to each of the vertices of the graph H. 

Theorem 4.3. Let T e .Y(n, § )(n ^ 4), tfien 

F(T) ^ 2^+ 2 - | -4, F*{T) ^ 2*+ 2 - - -4- + 1 j . (4.1) 



-Eac/i 0/ i/ie equalities in holds if and only if T = Pi± o K 1 . 

Proof. It is known J3[ [20] that if n = 27, then a tree T belongs to ^(n, 7) if and only if there exists a tree H 
of order 7 = § such that T = H o K\. Hence it suffices to show the following fact. 

Fact 2. For any tree T, one has 

F{ToK x ) >F(P IVt1 oK x ), F*{ToK x ) ^ F*{P ]Vt{ o K 1 ). (4.2) 
Each of the equalities in holds if and only if T = P\v T \- 

Proof. For any u in Vt and 1 ^ m ^ \Vt\, let S^ m {T\ u) denote the set of all m- vertex subtrees of a tree T each 
of which contains u. It is routine to check that 

F{ToKi) = 2 IVti1 + \Vt\ (4.3) 

TiS^(T) 

^2 2^1 + ^2 2 IVti1 + \Vt\ 

\V T \ 

2 lVTl1 + Y \y m (T;u)\2 m + \V T \ (4.4) 

Tie^(T— u) m=l 

and 

F*(Toif x ) = F(T o Xi) - F(T) 

= Yl (2 |VtiI -1) + I^t| (4.5) 

TiGJ5"(T) 

\V T \ 

Y (2^1-1)+ Y \.y m (T;u)\(2 m -1) + \V T \. (4.6) 

T 1 £.y(T~u) m=l 

Assume that T ^ P\v T \- ^ l^rl — 2 or 3, our result is clearly true. If \Vt\ = 4, there exist only two trees, 
i.e., Pi and -£^1,3, hence T = K13. In this case, for any u <E PV(T) we have 

\&\T;u)\ = \y 2 (T;u)\ = \^\T:u)\ = 1, \^ 3 (T;u)\ = 2 (4.7) 

And for any v £ PV(P4), we have 

\y\P4;v)\ = \y 2 (P^v)\ = \y 3 (P 4 ;v)\ = \y\P 4 ;u)\ = 1. (4.8) 
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Note that P 4 - u = K^ 3 - v, hence by ([O]) . fiTgjl -PTg j) we have 

F(K lt3 oK 1 )>F(P 4 oK 1 ),F*(K 1 , 3 oK 1 )>F*(P 4 oK 1 ). 

In what follows we assume that the inequalities hold in f!4.2[) for all trees of order less than \ Vr\- On the one 
hand, for any u 6 PV(T) and v £ PV(P\v T \), we have 

F((T-u)oK 1 )^F{(P [Vt1 -v)oK 1 ),F*((T-u)oK 1 )>F*((P [Vt1 -v)oK 1 ), (4.9) 

Each of the equalities in (j4.9[) holds if and only if T — u = P\v T \ — v. Hence by (|4.3[) and (|4.5[) , we have 

^ 2l^il^ 53 2 ' yTl1 ' 53 (2 |yTll -l)^ 53 (2 |1/Tll -1). (4.10) 

T!e^(T-u) T 1 e.r(P| Vr |- 1 ;) Ti£^(T-«) TiG^F,^, -u) 

On the other hand, it is easy to see that for any w e PV(T) \ {u}, T-w G 

m), so we have 

l^l-^Tju)! > 1 = \y\ VT \-\P\ VT] -v)\. (4.11) 
Furthermore, for to = 1, 2, ... , |Vr| — 2, |Vr|, 

|^ m (T;u)|>l=|^ m (P|^| ;U )|. (4.12) 
Hence, flU]) follows by P4) . (j4^|) . (j4~TU| - (j4~T2l) . This completes the proof of Fact 1. □ 
Note that \,y m (P n ; v)\ = 1 for m = 1, 2 . . . , n, hence by (|4~3]) and ([474]) we get 

n 

F{P n oK 1 )= 2l^l + 5]2 m + n = F(P rl _ 1 oX 1 ) + 2' i + 1 -l. 

Tl€^(Pn-l) "1 = 1 

Hence we have 

n+l n+1 

F(P„ o = F(Pi o ifi) + 53 2 4 - (n - 1) = 3 + 53 2 * - (n - 1) = 2 n+2 - n - 4.(n > 2) 

■i— 3 i— 3 

and 

P*(P„ o Ifi) = P(P„ o K{) - F{P n ) = 2"+ 2 - n - 4 - + ^ (n ^ 2). 

This completes the proof. □ 

Let Pfe(l a ,l b ) be a tree obtained by attaching a and 6 pendant vertices to the two endvertices of Pk, 
respectively. 

Theorem 4.4. Let T € ^(n, 2) wrf/i n ^ 6, tten 

P(T) ^ 3- (V^J +2 r ^) +2 n ~ 4 + n- 1, (4.13) 
F*(T) ^ 3- (V^J +2 r ^ 1 ) + 2 n ~ 4 + n- 11. (4.14) 

The equality in J^. 13\ ) (resp. ft4.14ty ) holds if and only ifT = P 4 (lL'T — J, ll"-V- 1). 
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Proof. When n = 6, this theorem holds as P§ £ S^{n,2). So we only consider the case when n ^ 7. Choose 
T G o5^(rt, 2) such that its total number of subtrees (resp. leaf containing subtrees) is as small as possible. Let 
S = {w\, 102} be a dominating set of T . 

If (It{w\, w%) — 1, T must be the form P2(l a , l b ) with a + b = n — 2. Without loss of generality, assume that 
a < b. Note that P = P 3 (l a , l b_1 ) e y(n, 2), and by LcmmalUwe have F(T') < F(T),F*(T') < F*(T), a 
contradiction. By a similar discussion we can show that dr 1 {wi,W2) 7^ 2. We omit the procedure here. 

If (1t(wx, W2) *S 4, then there exists at least one vertex x on Pt{wi, W2) x can not be dominated by W\ 
or W2, which implies that T £ J?*(n, 2). Hence we get dr{wi,W2) — 3. That is to say, T = P 4 (l a ,l b ) with 
a + 6 = n - 4, 1 < a < 6. (Note that P 4 (l°, 1™~ 4 ) = p3(l\ 1"~ 5 )). Hence, by direct computing we have 

P(P 4 (l Q ,l b )) = 3-(2 a + 2 b )+2"- 4 + n-4+ Q =3-(2 a + 2 b ) + 2"- 4 + n-l, 
P*(P 4 (l a ,l h )) = P(P 4 (a, b)) -F(P 4 ) = 3- (2 Q + 2 h ) + 2"- 4 + n-ll. 

Note that when a = b — 1, 6, our results hold immediately. Hence, we consider a ^ — 2 in what follows. It is 
routine to check that 

2 a + 2 b > 2 a+1 + 2 b ~ 1 > ••• > 2 li t^J +2^1. 

Hence we have 

P(P 4 (l Q ,l b )) > F(P 4 (l Q+1 ,l fc_1 )) > •■• > F(P 4 (l L2 ^ J ,l r ^ 1 )), 

P*(P 4 (l Q ,l b )) > P*(P 4 (l a+1 ,l b_1 )) > ■•• > P*(P 4 (l LI1 ? iJ ,l r ^ 1 )). 

This completes the proof. □ 

Theorem 4.5. Let A be a positive integer more than two, and let T be an n-vertex tree with maximum degree 
at least A. Then P*(P) (n — A + 1) • 2 A_1 + A — 1. The equality holds if and only ifT = P„.a> where T n & 
is obtained from P n _A+i by attaching A — 1 pendant vertices to one endvertex o/P„_a+i>' see Fig. 7(a). 

Proof. Choose an n-vertex tree T with maximum degree at least A such that its total number of leaf containing 
subtrees is as small as possible. Then there exists a vertex u in Vr such that dr{u) ^ A. Without loss 
of generality, we assume that {vi, 1)2, ■ ■ ■ , «a-i} C Nt(u). Obviously, the graph T — {uvi, UV2, ■ ■ ■ , uva-i} 
contains A components Ti, P2, ■ ■ . , Pa-i, Pa, where Ti contains vertex Vi for i = 1,2,..., A — 1 and Pa contains 
at least two vertices with u S Vr A j see Fig- 7(b). 




(a) P„, A (b) P (c) T* 

Figure 7: Trees P, P* and P„ iA in the proof of Theorem 4.5. 
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Next we are to show that each T; is a path for i = 1, 2 . . . , A. In fact, if there exists an i 6 {1,2..., A} 
such that Ti is not a path. Applying ^-transformations of T on to get a tree, say T. By Lemma I3TT1 we have 
F*(f) < F*(T), a contradiction. Hence T = T*, where T* is depicted in Fig. 7(c). 

Now we show that for any Ui,uj € PV(T), UiU € Et or UjU € Et- In fact, if there exists two pendant 
vertices, say ui, U2, such that mu, u-^u Et- Let Pt(ui, 112) — u\W\W2 ■ ■ ■ w r U2 with u, v\,V2 € {wi, W2, ■ ■ ■ , w r } 
and u j^z w\,w r . Let T** = T— {u«3, 11V4 , . . . , uva}+{wiV3, W1V4, . . . , u>ida}- By Lemma l2"i)l f*(t**) < F*(T), 
a contradiction. Hence, T = T" n .A- 

Note that / TniA (u) = (n - A + 1) ■ 2 A ~\ F(T„, A - u) - F((A - l)Pi U P„_ A ) and F{H{T nA )) = F{T nA - 
PV(T n>A )) = F(P n - A ), hence we have 

P(T„, A ) = /t».a («) + F{Tn,A ~ u) = (n - A + 1) • 2 A ~* + A - 1 + 

So we have 

F*(T„, A ) = F(T„, A ) - F(ff (T„, A )) = (n - A + 1) • 2^ + A - 1, 
as desired. □ 

Theorem 4.6. Lei A fc a positive integer more than two, and let T be an n-vertex tree with maximum degree 
at least A having a perfect matching. Then 

F{T) > 2(n-2A + 3) • 3 A ~ 2 + 3 • A -5+ ~ ^ + 3 ) , ( 4 -!5) 
F*(T) ^ 2(n- 2A + 3) • 3 A ~ 2 - (n - 2A + 2) • 2 A ~ 2 +n- 1. (4.16) 

Equality holds in l[4-15\ ) (resp. if and only if T = T^ A , where T' n A is i/ie iree obtained from P n -2A+i 

by attaching (A — 2) Ps's and one P2 to one endvertex o/P n _2A+3! see Fig. 8. 



A 

2 




Proof. Choose an n-vertex tree T with maximum degree at least A having a perfect matching such that its 
total number of subtree (resp. leaf containing subtrees) is as small as possible. By a similar discussion as in the 
proof of Theorem 4.5, we can obtain that T is the graph depicted in Fig. 7(b). 

Note that for any two n-vertex tree T\ and T2, if T2 is an A-transformation of Ti, then the maximum 
matching number of T2 is no less than that of T\. Hence, by a similar discussion as in Theorem 4.5, we have 
T = T* as depicted in Fig. 7(c) and T* contains a perfect matching, say M. Note that for the vertex u in T*, 
u is saturated by M, hence without loss of generality we assume that uvi € M. Then we have \Vt x \ , \ Vr A | are 
odd and \Vr 2 \, ■ ■ ■ \Vt a _ 1 | are even. 
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Next we show that v± £ PV(T) = {ui, . . . u A }. Suppose that Pt{ux,u a ) = «iwi»2 ■ • ■ w r "A with 
u, i>i,«a G {wi,W2 . . . , u> r } and u ^ w±,w r . Let T = T — {11V2, uv 3 , . . . , u«a-i} + {^1^2, 7i>ii>3, . . . , u>ii>A-i}, M 
is also a perfect matching of T. By Lemma |2~6I we have F(T) > F(T), F*(T) > F*(T), a contradiction. Hence 
we have v\ G PV(T). For convenience, let u\ := V\. 

Now we show that for any Ui,Uj G PV(T) \ {ui}, dr(ui,u) — 2 or dr(uj,u) — 2. Note that T contains 
a perfect matching, hence &r{ui,u) 2 for ttj G PV(T) \ {ui}. If there exist two vertices in PV(T) \ {ui}, 
say U2,us, such that (1t{u2tU) > 2, cIt{u3, u) > 2. Denote the unique path connecting U2,uj, by Pt(u2,U3) = 
U2S1S2 ■ ■ ■ st-iStv,3 with u — Sfe, where k ^ X,2,t — 1, t. Let T** = T — {mui, u«4, . . . ma} + {s2^i, . . . S2Ma}- 
Note that M - wi + s 2 t>i is a perfect matching of T**. By Lemma [2~6] we have F(T) > F(T**),F*(T) > 
F*(T**), a contradiction. So we have T ^ A ; see Fig. 8. 

Note that f T , (u) = 2(n - 2A + 3) • 3 A ~ 2 , F{T' n A -u) = F((A - 2)P 2 U Pi U P„_ 2 A+2), hence 
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F{Ka) = 2 ( n - 2A + 3) • 3 A ~ 2 + 3(A - 2 
Note that H(T^ A ) = T' nA - PV(T' nA ) = T n _ A ,A-l- Hence, 

F(H(T^ A )) = (n - 2A + 2) • 2 A ~ 2 + A - 2 + 
Together with (4.17) and Fact 1, we have 



2A- 
2 



(4.17) 



n - 2A 
2 



^*(^ >A ) = F(Ka) ~ F(H(K >A )) = 2{n - 2A + 3) • 3 A ~ 2 - (n - 2A + 2) • 2 A ~ 2 + n - 1 



as desired. 



□ 



Let J?^ be the set of all n- vertex trees with k leaves (2 ^ k ^ 71 — 1). A spider is a tree with at most one 
vertex of degree more than 2, called the hub of the spider (if no vertex of degree more than two, then any vertex 
can be the hub). A leg of a spider is a path from the hub to a leaf. Let T„ be an n- vertex tree with k legs 
satisfying all the lengths of k legs, say h, 1%, . . . , Ik, are almost equal lengths, i.e., |i, — lj\ < 1 for 1 < i, j < k. 
It is easy to see that G and U + l 3 G {2\^\, \_^\ + \^},2\^1}, where 1 < k. 

Theorem 4.7. Among with n 2, precisely the graph T*, has 





n- 1 
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"n - r 
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71 - 1 
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"n - r 




71-1 
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"n- r 
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leaf containing subtrees, maximizes the total number of leaf containing subtrees, where i + j = k and n—l=j 
(mod k). 

Proof. Choose T G such that its total number of leaf containing subtrees is as large as possible. If k = 2 
or, n — 1, it is easy to see that =5^ = {T^}, our result follows immediately. Hence, in what follows we consider 
2 < k < n — 1. For convenience, let W be the set of vertex of degree larger than 2 in T. 

First we show that for any v G W, V is a center of T. Otherwise, apply a C transformation to v of T to 
get a new tree T. It's straightforward to check that T G By Lemma 3.3, we have F*(T) < F*(T'), a 

contradiction to the choice of T. Hence, for any vertex w G Vt that is not the center of T, we have dr(w) ^ 2. 
If there are two center vertices c\ and C2 in W, apply a (^'-transformation to ci of T to get a new tree T". Then 
T" is a spider and by Lemma 3.3 we have F*{T') > F*(T), a contradiction. 
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Now suppose c is the only vertex in W. We are to show that for any m,Uj € PV(T), one has \dr(c, Ui) 
dr(c, Uj)\ 1. Assume to the contrary that there exist two pendant vertices, say u t ,u;, in PV(T) such that 



\d,T{c,u t ) - dr{c,ui)\ ^ 2. 



(4.18) 



Denote the unique path connecting u t and ui by P s = w\W2 ■ ■ ■ Wi-iu>iWi+i . . . w s , where wi — Ut,w s = ui and 
Wi = c, 1 ^ i < s. In view of (|4.18[) , we have 

c = Wi ^ ^l^J anc ^ c — w i 7^ W \S+1] ■ 

Hence, by Lemma \2. 61 there exists an n- vertex tree T 1 G =5^ such that F*(T) < F*(T'), a contradiction to the 
choice of T. So we have T = T„. Furthermore, we know from ([8]) that 



n — 1 



1 



n — 1 



(4.19) 



where i + j = fe and ti — 1 = j (mod k). 
By Fact 1, 

F*(T*) = F(T n fc ) - F(T„ fc - PV(^)) = F(T*) - F(T n fc _ fc ). 

Hence in view of (|4. 19[) . 

n — 1 



1 





n - 


- 1 
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n - 


- 1 
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n-1 
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n- I 
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n — 1 



1 



+ .7 



2 



1\ 3 



„WA +3 .(r T i 



n — 1 



n — 1 



i \ J 



+ i 



n — 1 



+ .7 



n — 1 



where i + j ~ k and n. — 1 = j (mod fc). 
This completes the proof. 



□ 



Let 5^ n .d denote the set of all n- vertex trees of diameter d. Let f~ k be the n- vertex tree obtained from 
Pd+i = v\V2 ■ ■ ■ VdVd+i by attaching n — d — 1 pendant edges to Vk] see Fig. 9. 

U\ U2 V-n-d-1 




V\ v 2 Ufc-i v k v k+1 v d v d+ i 
Figure 9: Tree ff lk . 



Theorem 4.8. For any n 2, precisely the graph Tr^ which has 



-d-i 



Lfj+iwrfi+i 



-d-l- 



leaf containing subtrees, minimizes the total number of leaf containing subtrees among 5? n ^, where i = |_f J + 1 
ori= [|] + 1. 
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Proof. If T e ^„,(j, it is easy to see that | Vh(t) I ^ d—1. By Lemma 2.1 we have F(H) > F(Pd_i) with equality 
if and only if H = Pd-i, which is equivalent to that T is a caterpillar tree of diameter d. On the one hand, it 
is known ([22]) that F(T) ^ F(T* ti ) with equality if and only if T = f£ i: where i = [|j + 1 or i = |"|] + 1. 
Together with Fact 1, for any T € S" n ,d, we have 

F*(T) = F(T) - F(H(T)) < F(f^) - F{P d _ 1 ) = F*(f^) (4.20) 

with equality if and only if T = P^i for z = |_f J +1 or i = |~|] +1. On the other hand, it is known ([8]) that 



Together with (|4.20|) . we have 
F*(fl t ) = 2 n - d - 1 
This completes the proof. 



Lfj+iurii+i 



•n-d-l. 



□ 



5. Concluding remarks 

Du and Zhou ; 2[ characterized the extremal trees with matching number q that minimize the Wiener index; 
in this paper we show the counterparts of these results for the total number of subtrees of n-vertex trees with 
matching number q. In view of Theorem 4.2, we conjecture that there exist the counterparts of these results 
for the Wiener index among the n-vertex trees with domination number 7. Furthermore, for the Wiener index, 
sharp upper and lower bounds of trees with given degree sequence are determined; see [XT] [531 121] • It is natural 
for us to determine sharp upper and lower bounds on the total number of subtrees of trees with given degree 
sequence. It is difficult but interesting and it is still open. We leave these problems for future study. 
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